Received: June 8, 2000, Accepted: July 13, 2000

HYPER VERSION

On the inclusive determination of |V_{ub}| from the lepton invariant mass spectrum

Matthias Neubert

Newman Laboratory of Nuclear Studies, Cornell University Ithaca, New York 14853, USA E-mail: neubert@mail.lns.cornell.edu

Abstract: Bauer, Ligeti and Luke have recently proposed a new method for measuring |V_{ub}| in inclusive semileptonic B decays, using a cut √ q^2 > M_B − M_D on the lepton invariant mass to discriminate against b → c transitions. We investigate the structure of the heavy-quark expansion for this case and show that to all orders the magnitude of the leading perturbative and non-perturbative corrections is controlled by a hadronic scale μ_c ≲ m_c depending on the minimal value of q^2. These corrections can be analyzed using a modified version of the heavy-quark expansion (“hybrid expansion”). We find that the theoretical uncertainty in the extraction of |V_{ub}| is a factor 2.5 larger than previously estimated, which allows for a determination with 10% accuracy.

Keywords: Heavy Quarks Physics, QCD, Weak Decays.

Contents

1. Introduction 1

2. Structure of the hadronic tensor 3

3. RG improvement and definition of the heavy-quark mass 7

4. Higher-order power corrections 13

5. Phenomenological implications and summary 14

1. Introduction

A precise knowledge of the magnitude of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element V_{ub} is of great importance to the study of CP violation at the B factories. Whereas the main target of CP-asymmetry measurements is to fix the angles of the unitarity triangle, the length of the sides of this triangle are determined by the smallest CKM elements, |V_{ub}| and |V_{td}|. The measurement of |V_{ub}|, which neither involves CP violation nor rare loop processes, appears to be the simplest step in the overall determination of the unitarity triangle. Yet, at present this measurement is limited by uncomfortably large theoretical uncertainties.

|V_{ub}| can be determined most directly from semileptonic B decays into charmless final states. The theoretical interpretation of exclusive decays such as B → π l ν or B → ρ l ν is limited by the necessity to predict the B → π or B → ρ transition form factors, which parameterize the complicated hadronic interactions relevant to these decays. The inclusive decays B → X l ν admit a cleaner theoretical analysis based on a heavy-quark expansion [1, 2, 3]. However, an obstacle is that experimentally it is necessary to impose restrictive cuts to suppress the background from B → X_c l ν decays (i.e., decays into final states with charm). Accounting for such cuts theoretically is difficult and usually introduces significant uncertainties.

The first determination of |V_{ub}| from inclusive decays was based on a measurement of the charged-lepton energy spectrum close to the endpoint region, which is kinematically forbidden for decays with a charm hadron in the final state. This restriction eliminates about 90% of the B → X_u l ν signal, and it is difficult to calculate reliably the small fraction of the remaining events. The reason is that in this portion of phase space the conventional heavy-quark expansion breaks down and must be replaced by a twist expansion, in which an infinite tower of local operators is resummed into a shape function describing the light-cone momentum distribution of the b quark inside a B meson [4, 5, 6]. A promising strategy is to infer the fraction of semileptonic decays in the endpoint region from a study of the photon spectrum in B → X_s γ decays, since the leading non-perturbative effects in the two decays are described by the same shape function [6]–[9]. Recently, it has been emphasized that a cut M_X < M_D on the hadronic invariant mass would provide for a better discrimination between B → X_u l ν and B → X_c l ν decays [10, 11, 12]. Such a cut eliminates the charm background, while affecting only about 20% of the signal events. Despite of this advantage, however, it is difficult to calculate precisely what this fraction is [13].

Bauer, Ligeti and Luke (BLL) have pointed out that the situation may be better if a discrimination based on a cut on the lepton invariant mass √ q^2 is employed [14].

Requiring q^2 > (M_B − M_D)^2 eliminates the charm background, while containing about 20% of the signal events. This fraction is much less than in the case of a cut on hadronic invariant mass, but the inclusive rate with a lepton invariant mass cut offers the advantage of being calculable using a conventional heavy-quark expansion, without a need to resum an infinite series of non-perturbative corrections. BLL find that the fraction of B → X_u l ν events with q^2 > q^2_0 , where q^2_0 ≥ (M_B − M_D)^2 is required to eliminate the charm background, is given by

F (q^2_0 ) = (1 + q̂^2_0 )(1 − q̂^2_0 )^3 + X̃(q̂^2_0 ) α_s(m_b) π − ( q̂^2_0 − 2q̂^6_0 + q̂^8_0

) 12λ_2 m^2_b

+ · · · , (1.1)

where q̂^2_0 = q^2_0 /m^2_b , and the dots represent corrections of higher order in the expansion in powers of α_s(m_b) and Λ/m_b (with Λ a characteristic hadronic scale). The function X̃(q̂2_0 ) can be obtained from results presented in [15]. The non-perturbative parameter λ_2 =^1_4 (M^2_B∗ − M^2_B ) ≃ 0.12 GeV^2 was introduced in [16]. As it stands, eq. (1.1) seems to provide a solid theoretical basis for a systematic analysis of the partial decay rate in an expansion in logarithms and powers of Λ/m_b. (This leaves aside the fact that the lepton invariant mass cut eliminates about 80% of all B → X_u l ν events, and therefore one may worry that violations of quark-hadron duality may be larger than for the total inclusive semileptonic rate.)

The purpose of this work is to analyze the structure of the result (1.1) in more detail. We show that the relevant mass scale μ_c controlling the size of corrections in the heavy-quark expansion is less than or of order the charm-quark mass, rather than the heavier b-quark mass. This is so because the largest values of the hadronic invariant mass and energy accessible are of order the charm mass or less. Although the ratio m_c/m_b is usually taken as a constant when discussing the heavy-quark limit, it is well known that the convergence of heavy-quark expansions at the charm scale can be poor. This makes our observation relevant. We suggest that an appropriate framework in which to investigate the leading corrections to the heavy-quark limit in the present case is a modified version of the heavy-quark expansion to which we refer as “hybrid expansion”. The idea is that in the kinematic region where M_B ≫ E_X ∼ M_X ≫ Λ one can perform a two-step expansion in the ratios E_X /M_B and Λ/E_X . A similar strategy has been used in applications of the heavy-quark effective theory (HQET) to resum the so-called “hybrid logarithms” α_s ln(m_c/m_b) [17] arising in current-induced b → c transitions using renormalization-group (RG) equations [18, 19]. In the context of inclusive decays, an approach similar in spirit to our proposal was suggested first by Mannel [20]. We use the hybrid expansion to obtain a RGimproved expression for the perturbative corrections to the quantity F (q^2_0 ) at next-to-leading order (NLO), as well as to estimate the size of higher-order power corrections omitted in (1.1).

2. Structure of the hadronic tensor

The strong-interaction dynamics relevant to inclusive B decays is encoded in a hadronic tensor defined as the forward matrix element of the time-ordered product of two weak currents between B-meson states. Although the variable of prime interest to our discussion is the lepton invariant mass, the physics of the hadronic tensor is most naturally described in terms of the hadronic invariant mass and energy, M_X and E_X . These variables are related by q^2 = M^2_B − 2M_B E_X + M^2_X , and thus the restriction q^2 > q^2_0 implies M_X ≤ E_X ≤ M^2_B + M^2_X − q^2_0 2M_B , M^2_π ≤ M^2_X ≤ ( M_B − √ q^2_0

)_2 . (2.1)

With the optimal choice q^2_0 = (M_B − M_D)^2 this gives M_π ≤ M_X ≤ M_D and M_X ≤ E_X ≤ M_D −^1_2 (M^2_D − M^2_X )/M_B. Both variables vary between M_π and M_D. If the cutoff q^2_0 is chosen higher, as may be required for experimental reasons, their maximal values become less than M_D.

The corresponding variables entering a partonic description of inclusive decay rates are the parton invariant mass and energy, √ p^2 and v · p, where p is related to the lepton momentum q by p = m_bv − q, and v is the velocity of the B meson. The phase space for the dimensionless variables p̂^2 = p^2/m^2_b and z = 2v · p/m_b is 2 √ p̂^2 ≤ z ≤ 1 − q̂^2_0 + p̂^2 , 0 ≤ p̂^2 ≤ ( 1 − √ q̂^2_0

)_2 . (2.2)

For the purpose of our discussion here m_b is the pole mass of the b quark. Alternative mass definitions will be discussed in more detail later. The optimal value of q̂^2_0 is q̂^2_0 = (M_B − M_D)^2/m^2_b ≃ (1 − m_c/m_b)^2. In this case the largest values of the parton variables are z_{max} = 2m_c/m_b and p̂^2_{max} = (m_c/m_b)^2. Without a restriction on q^2, the phase space for these variables would be such that z_{max} = 2 and p̂^2_{max} = 1. In other words, the lepton invariant mass cut restricts both variables to a region where they are parametrically suppressed, such that v · p and √ p^2 are at most of order m_c. Besides m_b, the charm-quark mass is then a relevant scale that determines the magnitude of strong-interaction effects in the heavy-quark expansion.

To make the parametric suppression noted above more explicit, we introduce a characteristic scale μ_c and an associated small expansion parameter ϵ by

μ_c = m^2_b − q^2_0 2m_b = O(m_c) , ϵ =

1 − q̂^2_0 2 = μ_c m_b , (2.3)

and rewrite the fraction F (q^2_0 ) of B → X_u l ν events with q^2 > q^2_0 as

F (ϵ) = 16ϵ^3(1 − ϵ) [ C_0(ϵ) − 3 2 C_2(ϵ) λ_2 μ^2_c + O [( Λ μ_c )_3]] , (2.4)

where C_n(ϵ) = 1 + O(ϵ, α_s) are short-distance coefficients. From (1.1) we find

C_0(ϵ) = 1 + α_s 3π [( −6 ln 2ϵ − 3 2 − 2π^2 3 ) + ϵ ( −8 ln 2ϵ + 73 6 ) + O(ϵ^2) ] + O(α^2_s) ,

C_2(ϵ) =

1 − 8ϵ^2 + 8ϵ^3 1 − ϵ + O(α_s) . (2.5)

The definition of ϵ and μ_c, as well as the explicit form of the coefficients C_n(ϵ), depend on the definition of the heavy-quark mass. The above result for C_0(ϵ) refers to the pole mass. Later we will introduce a more suitable mass definition and give an exact NLO expression for C_0(ϵ) including the higher-order terms in ϵ.

It is apparent from (2.4) that the leading

Figure 1: Tree-level contribution to the hadronic tensor. Dashed lines represent the weak currents.

power correction proportional to λ_2 is of order (Λ/μ_c)^2. It is not difficult to see that, in the presence of a lepton invariant mass cut, also in higher orders the power corrections scale like (Λ/μ_c)^n. For simplicity of the argument we work to leading order in α_s, where only the tree diagram shown in figure 1 contributes to the hadronic tensor. In momentum space, the u-quark propagator gives a contribution

(p + k)^μ p^2 + 2p · k + k^2

, (2.6)

where k = O(Λ) is the residual momentum of the heavy quark inside the B meson [21]. Roughly speaking, the heavy-quark expansion is obtained by replacing the residual momentum with a covariant derivative, k^μ → iD^μ, thereby introducing the soft interactions of the u-quark jet with the background field of the light degrees of freedom in the B meson. Let us discuss how the three terms in the denominator of the propagator scale in the different kinematic regions relevant to the determination of |V_{ub}|. Whereas the k^2 ∼ Λ^2 term is always suppressed, the relative magnitude of the two other terms depends on the kinematic region considered. For the regions of the large charged-lepton energy or low hadronic invariant mass, the terms p^2 ∼ max[Λ m_b, m^2_c ] and p · k ∼ Λ m_b are of the same magnitude, and it is thus necessary to resum terms of the form (p · k/p^2)^n to all orders in the heavy-quark expansion. This leads to a twist expansion, where these terms are absorbed into a non-perturbative shape function [4, 5, 6]. In contrast, for large lepton invariant mass, p · k ∼ Λ m_c is parametrically suppressed with respect to p^2 ∼ m^2_c by a power of Λ/m_c.

These general observations can also be derived from the explicit expression for the differential decay rate expressed in terms of the variables z and p̂^2, normalized to the total decay rate. At NLO in the heavy-quark expansion we find 1 Γ d^2Γ dz dp̂^2 = 2z^2(3 − 2z)δ(p̂^2) + α_s 3π E(z, p̂^2) − − δ(p̂^2) [ z 3 (36 − 27z − 16z^2) λ_1 m^2_b

+ (12 + 12z − 63z^2 + 8z^3) λ_2 m^2_b ] − − δ^′(p̂^2) [ z^2 3 (18 + 3z − 14z^2) λ_1 m^2_b

+ z^2(6 + 3z − 10z^2) λ_2 m^2_b ] − − δ^{′′}(p̂^2) z^4 3 (3 − 2z) λ_1 m^2_b

+ · · · , (2.7)

where λ_1 is a non-perturbative parameter related to the average kinetic energy of the b quark inside the B meson [16], and the function E(z, p̂^2) gives the perturbative correction calculated in [13], which also includes the correction to the total decay rate appearing in the denominator on the left-hand side. The power corrections in (2.7) have been derived using the results of [3, 22]. In the kinematic region where z = O(ϵ) and p̂^2 = O(ϵ^2), it is instructive to change variables from (z, p̂^2) to (z, ξ), where ξ = 4p̂^2/z^2 = p^2/(v · p)^2 ∈ [0, 1] is related to the parton velocity in the B rest frame. The kinematic range for these variables is 0 ≤ ξ ≤ 1 , 0 ≤ z ≤ 2 ξ ( 1 − √ 1 − 2ϵξ ) = 2ϵ + ϵ^2ξ + O(ϵ^3) . (2.8)

The variable ξ is of order unity irrespective of the lepton invariant mass cut. Thus, after the transformation the only parametrically small quantity is z = O(ϵ). In terms of the new variables, the double-differential decay rate turns into an expansion in powers of Λ/(zm_b), and the perturbative corrections contain single logarithms of z. Integrating the double-differential rate over z, and keeping only terms of leading order in ϵ, we obtain 1 Γ dΓ dξ = 16ϵ^3 { δ(ξ) [ 1 − α_s 3π ( 6 ln μ_c m_b + 8 ln 2(ln 2 − 1) + 31 2 )] − − α_s 3π [ 4 ln ξ ξ + 1 ξ ( 7 √ 1 − ξ − 8 ln ( 1 + √ 1 − ξ ))] + − − 3λ_2 2μ^2_c δ(ξ) − 3(λ_1 + λ_2) μ^2_c δ^′(ξ) − 2λ_1 μ^2_c δ^{′′}(ξ) + · · · } + O(ϵ^4) . (2.9)

The integral of this expression over ξ reproduces the leading terms in ϵ in (2.4). The result for the power corrections shows that indeed μ_c = O(m_c) is the characteristic scale of the hybrid expansion. Perturbative logarithms of μ_c/m_b appear because the intrinsic scale of the hadronic tensor is smaller than the mass of the external b quarks, suggesting that the appropriate scale to evaluate the running coupling α_s is significantly less than m_b. This is in accordance with the observation [23] that the physical scale derived using the Brodsky-Lepage-Mackenzie (BLM) scale-setting prescription [24] strongly decreases with increasing q^2. We will come back to the question of scale setting in the next section.

For later purposes, it will be useful to have

Figure 2: Contour representation of F (q^2_0 ) in the complex p̂^2 plane.

yet another way of reproducing the result (2.4). To this end, we represent the fraction F (q^2_0 ) as a contour integral in the complex p̂^2 plane. Such a representation exists because the hadronic tensor is an analytic function in the complex plane apart from discontinuities located on the positive real p̂^2 axis, as illustrated in figure 2. We write

F (q^2_0 ) = i 2π ∮ |p̂^2|=p̂^2_{max}

dp̂^2T (p̂^2, q̂^2_0 ) , (2.10)

where p̂^2_{max} = (1 − √ q̂^2_0 )^2, and the correlator T (p̂^2, q̂^2_0 ) can be obtained using dispersion relations [13]. Eliminating q̂^2_0 in favor of ϵ, and parameterizing p̂^2 = p̂^2_{max} e^{iφ} on the contour of integration, the result can be written in the form

F (ϵ) = 16ϵ^3(1 − ϵ) 2π∫ 0 dφ 2π t(e^{iφ}, ϵ) , (2.11)

where the function t(e^{iφ}, ϵ) contains the corrections to the heavy-quark limit. We obtain t(e^{iφ}, ϵ) = C_0(ϵ) + α_s 3π Y (e^{iφ}, ϵ) − 3 2 C_2(ϵ) λ_2 μ^2_c + [ D_1(ϵ) λ_1 μ^2_c

+ D_2(ϵ) λ_2 μ^2_c ] e^{−iφ} −

− 4 5 E_1(ϵ) λ_1 μ^2_c e^{−2iφ} + O [( Λ μ_c )_3] . (2.12)

The function Y (e^{iφ}, ϵ) with

Y (x, ϵ) = 10 3 x − 184 9 + ( 29 3 − 5 3 x ) u ln u + 1 u − 1 − 2 ln^2 u + 1 u − 1 + O(ϵ) (2.13)

and u = √ 1 − x is defined such that its contour integral vanishes. The coefficients D_i(ϵ) and E_1(ϵ) are equal to 1 in the limit ϵ → 0. Their explicit expressions are

D_1(ϵ) = ϵ^2 (1 − ϵ) ( 1 − √ 1 − 2ϵ )_2 ( 1 − 7 4 ϵ + 4 5 ϵ^2 ) + O(α_s) ,

D_2(ϵ) = ϵ^2 (1 − ϵ) ( 1 − √ 1 − 2ϵ )_2 ( 1 + 3 4 ϵ − 4ϵ^2 ) + O(α_s) ,

E_1(ϵ) = ϵ^4 (1 − ϵ) ( 1 − √ 1 − 2ϵ )_4 ( 1 − 10 9 ϵ ) + O(α_s) . (2.14)

Equations (2.9) and (2.12) allow us to study the behavior of the leading corrections in the heavy-quark expansion in more detail. In particular, we will utilize them to estimate unknown, higher-order power corrections. We will, however, first investigate the perturbative corrections in more detail, using the hybrid expansion as a tool to perform a systematic RG improvement of the one-loop expressions in (1.1) and (2.5).

3. RG improvement and definition of the heavy-quark mass

Based on the observation that the event fraction F (q^2_0 ) in (1.1) receives very small corrections of order β_0α^2_s, where β_0 is the first coefficient of the β-function, BLL have argued that the perturbative uncertainty in their prediction is negligible [14]. The purpose of this section is to critically reanalyze the perturbative uncertainty in the calculation of this quantity. We first note that in the present case it is misleading to associate the size of β_0α^2_s corrections with a physical BLM scale in the process. The total semileptonic rate and the lepton invariant mass spectrum receive very large corrections of order β_0α^2_s, corresponding to very low BLM scales [23]. The fraction F (ϵ) is defined as the ratio of the partially integrated lepton spectrum and the total rate. If both of these quantities have low physical scales, the same must be true for their ratio. In our opinion the small β_0α^2_s correction observed in [14] is thus due to an accidental cancellation and does not bear any physical significance.

Here we follow a different strategy to estimate the potential importance of higherorder effects. We have argued that a useful framework in which to analyze the fraction F (ϵ) is provided by a hybrid expansion, in which the physics associated with the three mass scales m_b ≫ μ_c ≫ Λ is disentangled. Since the intermediate scale μ_c is only about 1 GeV or less, and since the running of the strong coupling in the region between m_b and 1 GeV is significant, we expect important higher-order perturbative corrections resolving the scale ambiguity. At one-loop order, this is indicated by the presence of logarithms of ϵ in (2.5). At any given order in an expansion in powers of ϵ the contributions associated with the two couplings α_s(m_b) and α_s(μ_c) can be separated by solving RG equations in the hybrid expansion at NLO. The residual scale ambiguity left after RG improvement provides an estimate of the perturbative uncertainty in the result. Unfortunately, to perform this program one must compute, at every order in ϵ, the two-loop anomalous dimensions of a new tower of higher-dimensional operators. At present, these anomalous dimensions are known only for the operators entering at the leading order in ϵ, although partial results exist for the operators relevant to the O(ϵ) terms [25].

We now discuss the RG improvement at leading order in ϵ in detail. The first step in the construction of the hybrid expansion is to expand the weak currents in the definition of the hadronic tensor in terms of operators of the HQET, with the result [21]

q̄γ_μ(1−γ_5)b −→ C_1 ( m_b μ ) q̄γ_μ(1−γ_5)h_v +C_2 ( m_b μ ) q̄v_μ(1+γ_5)h_v +O ( 1 m_b ) , (3.1)

where v_μ is the B-meson velocity, h_v are the velocity-dependent fields of the HQET, and μ is the scale at which the operators are renormalized. The RG-improved expressions for the Wilson coefficients C_i(m_b/μ) are known at NLO. The terms of order 1/m_b in (3.1) would contribute at order ϵ in the hybrid expansion and can be neglected for the discussion of the leading terms. It is important that all dependence on the b-quark mass is explicit in (3.1). We now insert this result into the time-ordered product of currents in the hadronic tensor and perform an operator product expansion of the current product. This is an expansion in logarithms and powers of Λ/μ_c. The scale m_b does not appear in the matrix elements of the hybrid expansion. We find that at leading order in ϵ only the HQET current product proportional to C^2_1 (m_b/μ) contributes. Using the known NLO expression for the coefficient C_1(m_b/μ) [26, 27], we obtain

C_0(ϵ) = ( α_s(μ) α_s(m_b) )_{4/β0} [ 1 + 2α_s(m_b) π ( Z_{hl} − 25 12 + π^2 3 ) − − 2α_s(μ) π ( Z_{hl} − ln μ 2μ_c − 11 6 + 4π^2 9 ) ] + O(ϵ) ≃ ( α_s(μ) α_s(m_b)

)_{12/25} [ 1 − 0.71 α_s(m_b) π − α_s(μ) π ( 3.37 − 2 ln μ μ_c )] + O(ϵ) . (3.2)

Here β_0 = 25/3 and Z_{hl} = −9403/7500 − 7π^2/225 are perturbative coefficients evaluated for n_f = 4 light quark flavors, as is appropriate for a scale of order m_c. Note that the NLO corrections proportional to the coupling α_s(m_b) contain the corrections to the total semileptonic rate. The above result for C_0(ϵ) gives the RG-improved form of the leading term in ϵ in the one-loop expression in (2.5). This result is formally scale independent at NLO. The renormalization scale μ should be chosen of order μ_c in order to avoid large logarithms in the hybrid expansion. (The inappropriate choice μ = m_b would reproduce the one-loop result with α_s evaluated at m_b.)

The dashed line in figure 3 shows the

Figure 3: Scale dependence of the perturbative result for the fraction F (ϵ) to leading order in the hybrid expansion, evaluated for q^2_0 = (M_B − M_D)^2. The two curves refer to different mass renormalization schemes.

perturbative prediction for the fraction F (ϵ) at leading order in ϵ, as a function of the renormalization scale. Here and below we use the two-loop expression for the running coupling constant normalized such that α_s(M_Z ) = 0.118. In accordance with relation (3.4) below we use m_b = 5.0 GeV for the pole mass, noting that this value (and thus the normalization of the dashed curve) has a large uncertainty. Two observations are important. Firstly, the scale dependence of the dashed curve is significant, and hence the result obtained with an appropriate choice of scale μ ≈ μ_c is much lower than that obtained with the naive choice μ = m_b. Secondly, perturbation theory in the on-shell scheme breaks down at a scale not much less than the appropriate scale μ ≈ μ_c ≈ 1 GeV. We conclude that in the on-shell scheme there is a large perturbative uncertainty in the calculation of the coefficient C_0(ϵ), which is not apparent from the naive one-loop result. This conclusion is in contrast with the assumption made by BLL, that the perturbative uncertainty is negligible [14].

The breakdown of perturbation theory at a scale of order μ_c can be traced back to the large coefficient of the NLO correction proportional to α_s(μ) in (3.2). We will now show that the size of this coefficient can be reduced significantly by adopting a more appropriate definition of the heavy-quark mass. So far we have worked in the on-shell scheme, where the mass is defined as the pole in the renormalized quark propagator, m_b = m^{pole}_b . Since the pole mass is affected by infrared renormalon ambiguities [28, 29], it is better to eliminate it from the final expressions for inclusive decay rates. If a new mass definition m^′_b is introduced via m^{pole}_b = Z_mm^′_b, it follows from (2.4) that

C^′_0(ϵ^′) = C^{pole}_0 (ϵ^′) [ 1 + Z_m − 1 ϵ^′ (1 − 2ϵ^′)(3 − 4ϵ^′) 1 − ϵ^′ + · · · ] , (3.3)

where the prime on ϵ indicates that this parameter in sensitive to the definition of m_b. We observe that a multiplicative redefinition of m_b with Z_m(α_s) = 1 + O(α_s), such as the relation between the pole mass and the running mass defined in the MS scheme, is not appropriate in our case, since it would lead to a contribution to C^′_0(ϵ^′) that is enhanced by a factor of α_s/ϵ^′. This would upset the power counting in the hybrid expansion. We suggest instead to work with a short-distance mass subtracted at a scale μ_f of order μ_c, which is the natural scale of our problem.

It is well known that the convergence of the perturbative series for near on-shell problems in heavy-quark physics can be largely improved by introducing low-scale subtracted quark masses, which have the generic property that they differ from the pole mass by an amount proportional to the subtraction scale μ_f . Several such mass definitions exist and have been applied to various processes [30]–[33]. To illustrate the point, we use the potential-subtracted (PS) mass m^{PS}_b (μ_f ) introduced by Beneke [30] and evaluate it at the scale μ_f = μ^{PS}_c .^1 At NLO, the relation between the pole mass and the PS mass reads

m^{pole}_b = m^{PS}_b ( μ^{PS}_c ) + μ^{PS}_c

4α_s(μ) 3π { 1 + α_s(μ) 2π [ β_0 ( ln μ μ^{PS}_c + 11 6 ) − 4 ] + · · · } , (3.4)

which is formally independent of the scale μ at which the coupling is renormalized. Note that the difference between the two mass definitions is a perturbative series multiplying the scale μ^{PS}_c = ϵ^{PS}m^{PS}_b . At NLO in α_s, it then follows from (3.3) that

C^{PS}_0 (ϵ^{PS}) = C^{pole}_0 (ϵ^{PS}) [ 1 + 4α_s(μ) 3π μ^{PS}_c ϵ^{PS}m^{PS}_b

(1 − 2ϵ^{PS})(3 − 4ϵ^{PS}) 1 − ϵ^{PS} ]

= C^{pole}_0 (ϵ^{PS}) [ 1 + 4α_s(μ) π + O(ϵ^{PS}) ] . (3.5)

From now on we will use the PS mass m_b ≡ m^{PS}_b (μ^{PS}_c ) in all our equations and omit the label “PS” on the quantities m_b, μ_c and ϵ. Using (3.2) and adding the extra contribution proportional to α_s(μ), we obtain

C^{PS}_0 (ϵ) ≃ ( α_s(μ) α_s(m_b)

)_{12/25} [

1 − 0.71 α_s(m_b) π + α_s(μ) π ( 0.63 + 2 ln μ μ_c )] +O(ϵ) . (3.6)

1We could instead evaluate the PS mass at a scale μ_f = ξ μ_c with ξ = O(1), however this would lead to more complicated expressions. Varying ξ between 1 and 2 leads to a variation of the results by an amount similar to the perturbative uncertainty estimated later in this section.

The introduction of the PS mass has much reduced the size of the NLO correction. The result for the leading contribution to C_0(ϵ) in the PS scheme is shown by the solid line in figure 3. It exhibits a better stability than in the on-shell scheme, and it is stable down to lower values of the renormalization scale.

The value of the PS mass at the scale μ_2 = 2 GeV has been determined from a sum-rule analysis of the bb̄ production cross section near threshold, with the result m^{PS}_b (2 GeV) = (4.59 ± 0.08) GeV (corresponding to m_b(m_b) = (4.25 ± 0.08) GeV in the MS scheme) [34]. At NLO, we can use relation (3.4) to convert this into a value of the PS mass at the scale μ_c. This gives the implicit equation

m^{PS}_b (μ_c) = m^{PS}_b (μ_2) + μ_c

4α_s(μ_2) 3π [( μ_2 μ_c − 1 ) ( 1 + 203 36 α_s(μ_2) π ) − 25 6 α_s(μ_2) π ln μ_2 μ_c ]

!= μ_c + √ μ^2_c + q^2_0 , (3.7)

from which we determine the scale μ_c and then the mass m_b = m^{PS}_b (μ_c). For example, we find m_b ≃ 4.73 GeV, μ_c ≃ 1.13 GeV, ϵ ≃ 0.24 for q^2_0 = (M_B − M_D)^2, and m_b ≃ 4.79 GeV, μ_c ≃ 0.83 GeV, ϵ ≃ 0.17 for q^2_0 = 15 GeV^2.

In (3.6) we have obtained a RG-improved expression for the short-distance coefficient at leading order in ϵ. It is at present not possible to extend this analysis to higher orders in the hybrid expansion, since the corresponding two-loop anomalous dimensions of higher-dimensional operators are unknown. However, since in the PS scheme the leading term in ϵ gives the dominant contribution to C_0(ϵ), we expect that the unresolved scale ambiguity in the higher-order terms does not introduce a large uncertainty. Our final expression for the short-distance coefficient at NLO is

C^{PS}_0 (ϵ) ≃ ( α_s(μ) α_s(m_b)

)_{12/25} [ 1 − 0.71 α_s(m_b) π + α_s(μ) π ( 0.63 + 2 ln μ μ_c ) + + ϵᾱ_s π G(ϵ) ] , (3.8)

where the scale in ᾱ_s in the O(ϵ) term remains undetermined. The exact result for the function G(ϵ) in the PS scheme is G(ϵ) = 1 12(1 − ϵ)ϵ^4 × × [ L_2(1 − 2ϵ) − π^2 6 − ( 13 12 − 8ϵ + 28ϵ^2 − 128 3 ϵ^3 + 20ϵ^4 ) ln(1 − 2ϵ) ] − − 1 6(1 − ϵ)ϵ^3 [ 1 12 − 89 12 ϵ + 21ϵ^2 + 40ϵ^3 − 64ϵ^4 + ( 1 + ϵ + 4 3 ϵ^2 + 2ϵ^3 ) ln 2ϵ ] + + 4 3ϵ [ L_2(2ϵ) − L_2(1 − 2ϵ) + π^2 6 ]

= − 8 3 ln 2ϵ − 95 18 + ϵ ( − 32 15 ln 2ϵ +

1337 450 ) + O(ϵ^2) . (3.9)

Figure 4: Left: Scale dependence of the coefficient C^{PS}_0 (ϵ) for q^2_0 = (M_B − M_D)^2. The width of the band indicates the scale ambiguity of higher-order terms in the hybrid expansion. The vertical lines show the window between μ = μ_c and μ = 2μ_c used to estimate the scale dependence. Right: Coefficient C_0(ϵ) including theoretical uncertainties, as a function of the lepton invariant mass cut (see text).

The left-hand plot in figure 4 shows C_0(ϵ) for the optimal choice q^2_0 = (M_B −M_D)^2 as a function of the renormalization scale. The width of the band reflects the sensitivity of the result to the value of the coupling ᾱ_s associated with the O(ϵ) terms in (3.8), which we vary between α_s(m_b) and α_s(μ). To estimate the residual scale dependence we vary μ between the values μ_c and 2μ_c. For lower values the perturbative expansion diverges, since the running coupling α_s(μ) strongly increases below μ ≈ 1 GeV. For comparison, we mention that the naive perturbative analysis with fixed scale μ = m_b adopted in [14] would give the much smaller value C_0(ϵ) ≃ 1.16 at minimal q^2_0 ≃ 11.6 GeV^2. The fact that we find larger QCD corrections will have important implications for the extraction of |V_{ub}|. The right-hand plot in figure 4 shows C_0(ϵ) as a function of q^2_0 . The width of the band represents the total scale uncertainty, estimated by variation of μ and ᾱ_s as described above.

An independent way to estimate the uncertainty in the value of the perturbative coefficient C_0(ϵ) is based on the contour representation (2.11) for the fraction F (ϵ). As we have just discussed, the value of C_0(ϵ) depends on the definition of the heavy-quark mass. However, the variation of the O(α_s) correction in (2.12) along the circle in the complex momentum plane is independent of mass redefinitions. We may thus take the φ-variation of the one-loop correction, given by α_s(μ_c)/3π times the variation of the real part of the function Y (e^{iφ}, ϵ) in (2.13), as a typical size of an O(α_s) correction in the problem at hand. For an asymptotic series, the value of that correction provides an estimate for the magnitude of unknown higher-order corrections. The dashed lines in the right-hand plot in figure 4 show this variation as an error band applied to the central values of C_0(ϵ). This independent evaluation of higher-order effects is in good agreement with our previous estimate of the perturbative uncertainty, giving us confidence that this estimate is a realistic one.

4. Higher-order power corrections

Uncertainties enter the theoretical prediction for the fraction F (ϵ) also at the level of power correction. First, there are unknown O(α_s) corrections to the Wilson coefficient C_2(ϵ) multiplying the term proportional to λ_2/μ^2_c in (2.4). To estimate their effect, we replace the bracket [· · ·] in this equation with C_0(ϵ)[1 −^3_2 C_2(ϵ)λ_2/μ^2_c + · · ·], which amounts to multiplying the tree-level coefficient C_2(ϵ) in the original expression with C_0(ϵ). At q_0 = (M_B − M_D)^2, the difference is a 5% effect. Potentially more important are higher-order power corrections scaling as (Λ/μ_c)^3. The operator matrix elements contributing at third order in the heavy-quark expansion can be identified [35, 36], but little is known about their actual size. Naive dimensional analysis suggests that, with a typical hadronic scale Λ ≈ 0.5 GeV, a third-order power correction could be of order (Λ/μ_c)^3 ∼ 0.09 for q^2_0 = (M_B −M_D)^2 and (Λ/μ_c)^3 ∼ 0.22 for q^2_0 = 15 GeV^2, but clearly these are rough estimates which must be taken with caution.

We will attempt to extract as much information about power corrections as possible from the formulae derived in section 2 for the B → X l ν decay rate and spectra in the presence of a lepton invariant mass cut. We start with the quantity F (ϵ) itself, which as shown in (2.4) receives a moderate second-order power correction proportional to the parameter λ_2 ≃ 0.12 GeV^2. The dashed line in figure 5 shows an estimate of the unknown (Λ/μ_c)^3 correction, obtained by raising this second-order term to the power 3/2. To address the question to what extent this is a conservative estimate of a “generic” higher-order correction, we focus on the differential spectrum in (2.9) and on the contour representation in (2.11). The function F (ϵ) is obtained from these results by performing integrals over ξ or over the contour in the complex plane, respectively. However, the differential distributions contain additional information about power corrections, which is not seen after the integrations are performed. We first discuss the case of the contour integral in (2.11), taking the point of view that except for the region of small φ the magnitude of t(e^{iφ}, ϵ) can be used to estimate the “generic” size of corrections to the heavy-quark limit. This is so because on any point on the circle far away from the real, positive p̂^2 axis, the function t(e^{iφ}, ϵ) admits an operator product expansion in a series of local operators, whose contributions scale like powers of Λ/μ_c. The average over the circle determines the corrections to the function F (q^2_0 ). However, the finer details of the distribution on the circle become relevant, e.g. when in a real experiment events with different hadronic masses and energies are weighted by different efficiencies. In other words, the various terms proportional to λ_1/μ^2_c and λ_2/μ^2_c in (2.12) are as valid an estimate of a second-order power correction as is the λ_2/μ^2_c term in (2.4). Specifically, we calculate the average value of the modulus of the power corrections in (2.12) on the circle in the complex plane, and then we raise this number to the power 3/2 to obtain an estimate of a “generic” (Λ/μ_c)^3 correction. For our numerical analysis we use λ_1 = −(0.30 ± 0.15) GeV^2, which is in the ball park of recent determinations [37]. The result is shown by the dark band in figure 5, whose width reflects the sensitivity to the value of λ_1. If we were to consider larger values of |λ_1| the upper limit of the band would increase. Another estimate of power corrections can be obtained from the coefficients of the various δ-function terms in (2.9). If we take one third of the geometric average of the three coefficients, and raise the result to the power 3/2, we obtain the light band shown in the figure.

The above analysis shows that, as ex-

Figure 5: Estimates of third-order power corrections to the function F (ϵ), in units of the tree-level contribution (see text).

pected, there is a large uncertainty in the estimate of higher-order power corrections. We do not claim that these corrections are likely to be as large as indicated by the upper limit of the light band in figure 5, however, as we have shown this would indeed be possible without introducing any unnaturally large coefficients or parameters. Keeping this caveat in mind, we will from now on use the upper limit of the dark band in the figure as our estimate of third-order power corrections. Numerically, this estimate is close to the one obtained by BLL [14].

5. Phenomenological implications and summary

The proposal of BLL is to use the theoretical calculation of the fraction F (q^2_0 ) to obtain a model-independent determination of the CKM matrix element |V_{ub}| with controlled and small theoretical uncertainty [14]. To this end, one uses the relation Br(B → X_u l ν)|_q2_{>q}2_0 = F (q^2_0)Γ(B → X_u l ν)τ_B , where τ_B is the B-meson lifetime, and Γ(B → X_u l ν) is the total semileptonic decay rate into charmless final states. This rate can be calculated with high accuracy in terms of a low-scale subtracted b-quark mass, including perturbative corrections of order [α_s(m_b)]^2 [38] and power corrections of order (Λ/m_b)^2. For our purposes, we use the PS mass defined at the scale μ_2 = 2 GeV. Then the expression for the total rate is [33]

Γ(B −→ X_u l ν) = G^2_F |V_{ub}|^2[m^{PS}_b (μ_2)]^5 192π^3

(1 + δ_{pert} + δ_{power}) , (5.1)

where δ_{pert} ≃ 0.04 at two-loop order, and δ_{power} =^{λ1−9λ2}_{2m2b} ≃ −0.03. The small uncertainties in these two quantities are negligible for our numerical analysis below.

q^2_0 F^′(q^2_0 ) δm_b α^2_s α_s(Λ/μ_c)^2 (Λ/μ_c)^3

(M_B − M_D)^2 0.204 ± 0.040 16.7% 6.0% 3.0% 8.2% 13 GeV^2 0.151 ± 0.036 18.5% 7.2% 4.7% 12.5% 15 GeV^2 0.090 ± 0.032 22.2% 10.0% 9.4% 23.8%

Table 1: Predictions for F^′(q^2_0) for three values of the lepton invariant mass cut. The right-hand portion contains the relative theoretical uncertainties due to the uncertainty in the value of the b-quark mass (assuming δm_b = 80 MeV [34]), higher-order perturbative corrections (including scale dependence), perturbative corrections to second-order power corrections, and higher-order power corrections.

Using these results, we obtain the master formula

|V_{ub}| = 2.96 × 10^{−3} [ Br(B −→ X l ν)|_q2_{>q}2_0 10^{−3}F^′(q^2_0 )

1.6ps τ_B ]_{1/2} , (5.2)

where all theoretical uncertainties are contained in the function

F^′(q^2_0 ) = ( m^{PS}_b (μ_2) 4.59 GeV

)_5

F (q^2_0) . (5.3)

The mass dependence due to factor [m^{PS}_b (μ_2)]^5 from the total decay rate is positively correlated with the mass dependence of the function F (q^2_0 ). As a result, our predictions for the function F^′(q^2_0 ) become extremely sensitive to the value of the b-quark mass. For practical purposes, this dependence can be parameterized as

F^′(q^2_0 ) ∝ ( m^{PS}_b (μ_2) 4.59 GeV

)_{Δ(q}2_{0 )} , (5.4)

where Δ(q^2_0 ) ≃ 10 + q^2_0 − (M_B − M_D)^2 1 GeV^2

. (5.5)

In table 1, we show our final results for the quantity F^′(q^2_0 ) and its theoretical uncertainties (as estimated above) for some representative values of q^2_0 . For comparison, we note that BLL obtained the values F^′((M_B − M_D)^2) = 0.169 ± 0.016 and F^′(15 GeV^2) = 0.061 ± 0.013, where the dominant theoretical error was assumed to be due to higher-order power corrections. Our central values are significantly higher because of the larger perturbative correction obtained after RG improvement. Note that our error estimates are about 2.5 times as large as those quoted by BLL. The difference between the central values of the two calculations is about 1σ of our errors, and about 2σ of their errors.

Figure 6: Left: Theoretical prediction for the quantity F^′(q^2_0 ). Right: Relative theoretical uncertainty in the extraction of |V_{ub}|.

In figure 6 we show a graphical representation of the fraction F^′(q^2_0 ) and its total theoretical uncertainty. This result, together with the master formula (5.2), provides the theoretical basis for the determination of |V_{ub}|. The right-hand plot in the figure shows the fractional theoretical uncertainty in the result for |V_{ub}|. Although our error estimates are more pessimistic than those presented by BLL, we still conclude that their method provides a very promising route for a precise determination of |V_{ub}|. For a realistic cut on the lepton invariant mass in the vicinity of q^2_0 ≃ 12.5 GeV^2, which is about 1 GeV^2 above the optimal value, the theoretical uncertainty in |V_{ub}| is close to 10%. A determination with such an accuracy would be a significant improvement with respect to the present knowledge of this important parameter. We believe it would also be more reliable than a future determination obtained by combining the partial decay rates in the endpoint regions of B → X_sγ and B → X_u l ν decay spectra [6]–[9], which is limited by uncontrollable power corrections of first order in Λ/m_b that violate the factorization of soft and collinear singularities.

According to table 1, the dominant sources of theoretical uncertainty in the extraction of |V_{ub}| are associated with the sensitivity to the value of the b-quark mass and with unknown, higher-order power corrections. Whereas it is not obvious how one should obtain a reliable value for the power corrections, the precision in the value of the b-quark mass can presumably be improved by reducing the theoretical uncertainties in the analysis of (bb̄) bound states.^2 In addition, it would be possible to reduce the perturbative uncertainty in the calculation in two ways, by calculating the

2We stress, however, that using the so-called Upsilon mass defined as one half of the mass of the Υ(1S) bottomonium state [31] does not eliminate the uncertainty associated with the variation of the b-quark mass. As discussed in [33], this choice obscures the presence of an unknown nonperturbative contribution to the bound-state mass, which is neglected in the perturbative expression of the B-meson decay rate in terms of the Upsilon mass. In other words, in such a scheme the value of m_b is known (by definition) with very high precision, but for consistency the uncertainty shown in the third column in table 1 must then be added to the other theoretical uncertainties.

exact O(α^2_s) corrections to the fraction F (q^2_0 ) (the two-loop corrections to the total decay rate are known [38]), and by computing the two-loop anomalous dimensions of the operators contributing at O(ϵ) in the hybrid expansion. Both calculations are technically feasible and should be done.

In summary, we have analyzed the structure of the heavy-quark expansion for the inclusive, semileptonic B → X l ν decay rate with a lepton invariant mass cut q^2 ≥ q^2_0 . This expansion is characterized by a hadronic scale μ_c ≲ m_c determined by the value of q^2_0 . Because m_b ≫ μ_c ≫ Λ, the heavy-quark expansion can be organized as a combined (hybrid) expansion in two small mass ratios. The physics associated with the two large scales m_b and μ_c is disentangled using the HQET, whereas the physics on the scale μ_c can be separated from long-distance physics associated with Λ utilizing an operator product expansion. We have used this formalism to obtain a RG-improved expression for the leading short-distance coefficient in the heavy-quark expansion at NLO. The summation of large logarithms in the hybrid expansion turns out to be important and strongly enhances the overall size of the perturbative correction. We have also emphasized that in order to obtain a stable perturbative prediction it is important to eliminate the b-quark pole mass in favor of a low-scale subtracted quark mass, such as the PS mass. Finally, we have presented several independent estimates of higher-order power corrections in the heavy-quark expansion, which at present do not permit a rigorous treatment. We find that with realistic values of the lepton invariant mass cut the overall theoretical uncertainty in the extraction of |V_{ub}| is about 10%, which is larger than previously estimated but still significantly less than the current uncertainty in this parameter.

Acknowledgments

I am grateful to Martin Beneke, Alex Kagan, Zoltan Ligeti and Mark Wise for useful discussions. This work was supported in part by the National Science Foundation.

References

[1] J. Chay, H. Georgi and B. Grinstein, Lepton energy distributions in heavy meson decays from QCD, Phys. Lett. B 247 (1990) 399.

[2] I.I. Bigi, N.G. Uraltsev and A.I. Vainshtein, Nonperturbative corrections to inclusive beauty and charm decays: QCD versus phenomenological models, Phys. Lett. B 293 (1992) 430 [hep-ph/9207214], erratum ibid. 297 (1993) 477;

I.I. Bigi, M. Shifman, N.G. Uraltsev and A. Vainshtein, QCD predictions for lepton spectra in inclusive heavy flavor decays, Phys. Rev. Lett. 71 (1993) 496 [hep-ph/9304225];

B. Blok, L. Koyrakh, M. Shifman and A.I. Vainshtein, Differential distributions in semileptonic decays of the heavy flavors in QCD, Phys. Rev. D 49 (1994) 3356 [hep-ph/9307247], erratum ibid. 50 (1994) 3572.

[3] A.V. Manohar and M.B. Wise, Inclusive semileptonic B and polarized Λ_b decays from QCD, Phys. Rev. D 49 (1994) 1310 [hep-ph/9308246].

[4] M. Neubert, QCD based interpretation of the lepton spectrum in inclusive B̄ → X_uℓν̄ decays, Phys. Rev. D 49 (1994) 3392 [hep-ph/9311325];

T. Mannel and M. Neubert, Resummation of nonperturbative corrections to the lepton spectrum in inclusive B̄ → X_uℓν̄ decays, Phys. Rev. D 50 (1994) 2037 [hep-ph/9402288].

[5] I.I. Bigi, M.A. Shifman, N.G. Uraltsev and A.I. Vainshtein, On the motion of heavy quarks inside hadrons: universal distributions and inclusive decays, Int. J. Mod. Phys. A 9 (1994) 2467 [hep-ph/9312359]; Heavy quark distribution function in QCD and the AC^2M^2 model, Phys. Lett. B 328 (1994) 431 [hep-ph/9402225].

[6] M. Neubert, Analysis of the photon spectrum in inclusive B → X_s γ decays, Phys.

Rev. D 49 (1994) 4623 [hep-ph/9312311].

[7] G.P. Korchemsky and G. Sterman, Infrared factorization in inclusive B meson decays, Phys. Lett. B 340 (1994) 96 [hep-ph/9407344].

[8] R. Akhoury and I.Z. Rothstein, The extraction of V_{ub} from inclusive B decays and the resummation of endpoint logs, Phys. Rev. D 54 (1996) 2349 [hep-ph/9512303].

[9] A.K. Leibovich and I.Z. Rothstein, The resummed rate for B → X_sγ, Phys. Rev. D 61 (2000) 074006 [hep-ph/9907391];

A.K. Leibovich, I. Low and I.Z. Rothstein, Extracting V_{ub} without recourse to structure functions, Phys. Rev. D 61 (2000) 053006 [hep-ph/9909404]; On the resummed hadronic spectra of inclusive B decays, Phys. Rev. D 62 (2000) 014010 [hep-ph/0001028]; Extracting |V_{ub}| from the hadronic mass spectrum of inclusive B decays, Phys. Lett. B 486 (2000) 86 [hep-ph/0005124].

[10] V. Barger, C.S. Kim and R.J. N. Phillips, Hadronic invariant mass discriminates b → u contributions in semileptonic B decays, Phys. Lett. B 251 (1990) 629.

[11] R.D. Dikeman and N.G. Uraltsev, Key distributions for charmless semileptonic B decay, Nucl. Phys. B 509 (1998) 378 [hep-ph/9703437];

I. Bigi, R.D. Dikeman and N. Uraltsev, The hadronic recoil mass spectrum in semileptonic B decays and extracting |V_{ub}| in a model-insensitive way, Eur. Phys. J. C 4 (1998) 453 [hep-ph/9706520].

[12] A.F. Falk, Z. Ligeti and M.B. Wise, V_{ub} from the hadronic invariant mass spectrum in semileptonic B decay, Phys. Lett. B 406 (1997) 225 [hep-ph/9705235].

[13] F.D. Fazio and M. Neubert, B → X_ulν̄_l decay distributions to order α_s, J. High Energy Phys. 06 (1999) 017 [hep-ph/9905351].

[14] C.W. Bauer, Z. Ligeti and M. Luke, A model independent determination of |V_{ub}|, Phys.

Lett. B 479 (2000) 395 [hep-ph/0002161].

[15] M. Jeżabek and J.H. Kühn, QCD corrections to semileptonic decays of heavy quarks, Nucl. Phys. B 314 (1989) 1.

[16] A.F. Falk and M. Neubert, Second-order power corrections in the heavy quark effective theory, 1. Formalism and meson form-factors, Phys. Rev. D 47 (1993) 2965 [hep-ph/9209268].

[17] M.A. Shifman and M.B. Voloshin, On annihilation of mesons built from heavy and light quark and B̄^0 ↔ B^0 oscillations, Sov. J. Nucl. Phys. 45 (1987) 292.

[18] A.F. Falk and B. Grinstein, Power corrections to leading logs and their application to heavy quark decays, Phys. Lett. B 247 (1990) 406.

[19] M. Neubert, Short distance expansion of heavy quark currents, Phys. Rev. D 46 (1992) 2212.

[20] T. Mannel, Operator product expansion for inclusive semileptonic decays in heavy quark effective field theory, Nucl. Phys. B 413 (1994) 396 [hep-ph/9308262].

[21] For a review, see M. Neubert, Heavy quark symmetry, Phys. Rep. 245 (1994) 259 [hep-ph/9306320].

[22] A.F. Falk, Z. Ligeti, M. Neubert and Y. Nir, Heavy quark expansion for the inclusive decay B̄ → τν̄X, Phys. Lett. B 326 (1994) 145 [hep-ph/9401226].

[23] M. Luke, M.J. Savage and M.B. Wise, Perturbative strong interaction corrections to the heavy quark semileptonic decay rate, Phys. Lett. B 343 (1995) 329 [hep-ph/9409287].

[24] S.J. Brodsky, G.P. Lepage and P.B. Mackenzie, On the elimination of scale ambiguities in perturbative quantum chromodynamics, Phys. Rev. D 28 (1983) 228.

[25] G. Amoros, M. Beneke and M. Neubert, Two-loop anomalous dimension of the chromo-magnetic moment of a heavy quark, Phys. Lett. B 401 (1997) 81 [hep-ph/9701375];

G. Amoros and M. Neubert, Two-loop hybrid renormalization of local dimension-4 heavy-light operators, Phys. Lett. B 420 (1998) 340 [hep-ph/9711238].

[26] X. Ji and M.J. Musolf, Subleading logarithmic mass dependence in heavy meson formfactors, Phys. Lett. B 257 (1991) 409.

[27] D.J. Broadhurst and A.G. Grozin, Two loop renormalization of the effective field theory of a static quark, Phys. Lett. B 267 (1991) 105 [hep-ph/9908362].

[28] M. Beneke and V.M. Braun, Heavy quark effective theory beyond perturbation theory:

renormalons, the pole mass and the residual mass term, Nucl. Phys. B 426 (1994) 301 [hep-ph/9402364].

[29] I.I. Bigi, M.A. Shifman, N.G. Uraltsev and A.I. Vainshtein, The pole mass of the heavy quark. perturbation theory and beyond, Phys. Rev. D 50 (1994) 2234 [hep-ph/9402360].

[30] M. Beneke, A quark mass definition adequate for threshold problems, Phys. Lett. B 434 (1998) 115 [hep-ph/9804241].

[31] A.H. Hoang, Z. Ligeti and A.V. Manohar, B decay and the Υ mass, Phys. Rev. Lett.

82 (1999) 277 [hep-ph/9809423];

B decays in the Υ expansion, Phys. Rev. D 59 (1999) 074017 [hep-ph/9811239].

[32] I. Bigi, M. Shifman and N. Uraltsev, Aspects of heavy quark theory, Ann. Rev. Nucl.

Part. Sci. 47 (1997) 591 [hep-ph/9703290];

A. Czarnecki, K. Melnikov and N. Uraltsev, Non-abelian dipole radiation and the heavy quark expansion, Phys. Rev. Lett. 80 (1998) 3189 [hep-ph/9708372].

[33] For a review, see M. Beneke, Perturbative heavy quark-antiquark systems, talk at the 8th International Symposium on Heavy Flavor Physics (Heavy Flavors 8), Southampton, England, 25–29 July 1999, hep-ph/9911490.

[34] M. Beneke and A. Signer, The bottom MS quark mass from sum rules at next-to-next-to-leading order, Phys. Lett. B 471 (1999) 233 [hep-ph/9906475].

[35] M. Gremm and A. Kapustin, Order 1/m^3_b corrections to inclusive semileptonic b decay, Phys. Rev. D 55 (1997) 6924 [hep-ph/9603448].

[36] C.W. Bauer and C.N. Burrell, Nonperturbative corrections to B → X_sl^+l^− with phase space restrictions, Phys. Lett. B 469 (1999) 248 [hep-ph/9907517]; Nonperturbative corrections to moments of the decay B → X_sl^+l^−, hep-ph/9911404.

[37] For a review, see V.M. Braun, QCD sum rules for heavy flavors, talk at the 8th International Symposium on Heavy Flavor Physics (Heavy Flavors 8), Southampton, England, 25–29 July 1999, hep-ph/9911206.

[38] T. van Ritbergen, The second order QCD contribution to the semileptonic b → u decay rate, Phys. Lett. B 454 (1999) 353 [hep-ph/9903226].